The discrete ordinates method (DOM/S n ) is implemented to investigate the high order scattering effects of absorbing-emitting-scattering grey gas media inside the three-dimensional cubical and rectangular furnaces. To validate the numerical method, the furnaces are considered first to be filled with non-scattering grey gases, and the results of the higher order approximations of the DOM show an excellent agreement compared with those available in the literature. The DOM is then extended to apply in the scattering media inside the furnaces, and the results of various scattering approaches such as out-scattering, iso-scattering, linear aniso-scattering and nonlinear anisoscattering are obtained and presented in this paper.
Nomenclature
Roman Characters a coefficient of the scattering phase function A, B, C surface areas of a control volume I radiative intensity M total number of the discrete directions P Legendre polynomial q radiative heat fluxes sb Stefan-Boltzmann constant S radiation source term T temperature x j cartesian coordinates, (x, y, z) V volume 
Introduction
In most high temperature engineering combustion devices such as boilers, furnaces, engine combustors etc, radiation becomes the dominant mode of heat transfer. The prediction of wall temperatures is an important aspect in the design of high temperature combustion devices, and this clearly requires that the radiative heat fluxes be predicted accurately. An inability to predict the wall temperatures may lead to an excessive amount of the combustor airflow being used for cooling the combustor wall and this is likely to lead to a reduced combustion efficiency and an increased emission of the pollutants such as carbon monoxide (CO), NO x formations and unburned hydrocarbons (UHC).
To meet the world environmental regulations and for safer environment, one of the main objectives in designing of the practical combustion devices is to reduce the pollutant emissions. The numerical study becomes a vital tool to predict the radiative heat transfer inside high temperature combustion devices, and now-a-days it is also used to replace very costly and time-consuming experimental test procedures of any devices. For example see [1, 2] , where some recent work on the radiative heat transfer in a gas turbine combustion chamber are carried out.
The radiative transfer usually interacts with absorbing, emitting and scattering in a radiatively participating medium, and to obtain the net heat transfer distribution inside the medium, the radiative transfer equation (RTE) is coupled with both out-scattering and in-scattering [3] .
Chandrasekhar [4] first proposed a method which is known as the Discrete Ordinates Method (DOM) in his work on one-dimensional stellar and atmospheric radiation. Subsequently Carlson and Lathrop [5] developed the DOM for multidimensional radiation problems employing the finite volume approaches. Recently, the DOM has been widely used on various different problems [see 1, 2, [6] [7] [8] [9] [10] [11] .
The radiative transfer equation is an integro-differential equation (Eq. (1)) with the coupling of incoming and outgoing radiative intensities. To date, most of the radiation applications are found to be in non-scattering, absorbing, emitting and grey media. If the scattering is considered, in order to calculate a single directional radiative intensity from a computational node one requires the calculation of all scattered intensities into that node, i.e. the in-scattering [3, 6, 9] , and this becomes computationally a very expensive calculation. In most practical situations, a simultaneous solution of the radiative transfer equation and the fluid conservative equations such as the Navier-Stokes, enthalpy, combustion species concentrations etc are also required [2, 12] , and the numerical simulation deserves a large amount of computer resources.
Among the other different numerical methods such as the Discrete Transfer Method, the Finite Volume Method and the Finite Element Method etc found in the literature, the Discrete Ordinates Method becomes a popular numerical method for radiations although it suffers by the ray effect in an optically thin media [13] . The Discrete Ordinates Method has some obvious advantages such as the simplicity of concepts, the control volume approaches etc.
In the present work, the DOM has been applied in two three-dimensional furnaces; one of them is a cubical furnace with the dimension of 1m × 1m × 1m and other is the M3 trial case (Flame 10) of the International Flame Research Foundation (IFRF) furnace with the dimension of 6m × 2m × 2m [14] . Initially, the media inside the furnaces are filled with non-scattering and absorbing-emitting grey gases and the numerical results are validated with the exact solution of [15] for the cubical furnace and with the zone method of [14] for the IFRF furnace. The furnaces are then filled with scattering and absorbing-emitting grey gases and the high order effects of the scattering are investigated. To the best of author's knowledge, the effects of scattering in these two furnaces have not been studied before, and the present paper focuses on the important issues of the radiation scattering.
General equation of the radiative transfer
Consider a three-dimensional cubical/rectangular furnace with the presence of an absorbing, emitting, scattering and grey medium (radiatively participating medium) inside as shown in Fig. 1 . The balance of a radiative energy, which also refers to the radiative intensity, travelling in a direction ofŝ within a small pencil of rays inside the furnace can be written as [3] Ω.∇I(r, Ω) = −(κ + σ)I(r,
where I(r, Ω) is the radiative intensity depends on both the location vector, r = (x, y, z) and the directions, Ω and Ω ′ ; κ and σ are the absorption and the scattering coefficients respectively; Φ(Ω ′ → Ω) is the scattering phase function which determines a probability of the radiative energy transfer from the incoming (Ω ′ ) to the outgoing (Ω) directions (see Fig. 1 ); I b (r) is the blackbody intensity at the temperature of the medium defined as
, where
is the Stefan-Boltzmann constant and T is the temperature of the medium.
In Eq.
(1), the expression of the left hand side represents the gradient of the radiative intensity in the specified direction, Ω; and the three terms on the right hand side represent changes of the radiative intensity due to the absorption and out-scattering, emission, and in-scattering respectively. In particular, the first term on the right side represents the total attenuation of the radiative intensity by both absorption and scattering, while the second and last terms are for the total augmentation of the radiative intensity by emission and scattering respectively.
Boundary conditions
The radiative transfer equation (1) is a first order quasi-steady differential equation for the intensity at a fixed direction. Consider the surfaces bounding the medium are diffusely emitting and reflective, the appropriate boundary condition for the radiative intensity leaving the wall is given as [3] 
where the first term on the right hand side is due to the diffusive radiative emission from the surface, while the second term is the incoming radiative heat fluxes related to the incoming radiative intensities on the surface and also known as an irradiation by which the radiative intensities reflect diffusely from the surface. I bw is the black body intensity of the wall, ǫ w is the emissivity of the wall and n is the outward unit normal vector at the boundary.
Discrete Ordinates Method
The discrete ordinates or S n (where n represents the order of approximation based on a discrete representation of the directional variation of the radiative intensity) method was first proposed by Chandrasekhar [4] for the one-dimensional radiative transfer in stellar and atmospheric physics. For a multidimensional case, the general equation of the radiative transfer (1) is usually solved for a number of different ordinate directions, and the integrals over direction on the right hand sides of Eqs. (1)- (2) are replaced by the quadrature summations [3, 5] . In a three-dimensional Cartesian coordinate system, the RTE of Eq. (1) can be rewritten as discrete ordinates form as
where the subscripts m and m ′ denote the outgoing and incoming radiative directions respectively; M, the total number of the discrete ordinates to be transmitted from each computational control volume is defined as M = n(n + 2); the terms α m , β m and γ m are the direction cosines of the discrete directionŝ m along the Cartesian coordinates (see Fig. 1 ); and ω m ′ are the quadrature weights corresponding to the directionŝ m ′ . The values of the direction cosines and the corresponding quadrature weights used here can be found in [3, 6] .
The scattering phase function in Eq. (3) can be expressed as a series in Legendre polynomials [16] ,
where P l (cosΘ) is the Legendre polynomials and cosΘ can be defined as
The approximation of the scattering phase function for the iso-scattering (L = 0) is
while for the linear aniso-scattering (L = 1) is
and for the nonlinear aniso-scattering (L = 2) is
The unknown values of the scattering coefficients, a l , in Eq. (4) may be obtained using the Mie theory. But this theory remains a very complexity in expression due to its nature. In the Mie theory, the relationships which lead to determine the scattering coefficients are involved with the frequent calculation of complicated functions with very complex arguments, and it is not a very simple task even using today's powerful computers. Therefore, a few approximations such as the Delta-Eddington [17] are used to approximate the scattering phase function in order to minimise the complexity appears in the Mie theory. But the Delta-Eddington approximation again remains the values of the scattering coefficients as unknown and several authors used this approximation in scattering problems (e.g. see Fiveland [6] ) giving the parametric values of the scattering coefficients. In this study, no approximation to the scattering coefficients is made, but we have used some parametric values for the scattering coefficients appeared in Eqs. (6)- (8) .
The boundary condition given in Eq. (2) can now easily be rewritten in the discrete ordinates form (see [3] ) in order to solve Eq. (3).
Solution algorithm
The finite volume approach of Carlson and Lathrop [5] is employed in the DOM by which a discretised form of the equation (3) can be obtained as
with the weighted diamond differencing scheme [5, 3] shown as
where 0.5 ≤ d ≤ 1 and A, B and C represent the surface areas of the computational control volume in three directions, respectively. I 
It is clear that without the presence of scattering, the RTE in Eq. (9) is uncoupled with the incoming radiative intensities and may be solved independently. However, for the scattering medium, the solution of the RTE proceeds with a global iterative process described below.
At each iteration the black body intensity, the scattering phase function and the incoming scattered radiative intensities from all possible directions ofŝ ′ m at each computational node point are computed first in order to obtain the source term S given in Eq. (11) . The discrete Eq. (9) is then solved in every direction ofŝ m and the total boundary conditions in Eq. (2) are updated for the next iteration. The new solutions are then replaced by the previous iterative solutions and this process continues until the following convergent condition is satisfied
where i in the number of iteration.
Performances of the DOM
Performances of the discrete ordinates method in both non-scattering and scattering media are separately presented here. Two problems, (i) the cubical furnace and (ii) the International Flame Research Foundation (IFRF) furnace are considered here. Initially in Section 5.1, the DOM is applied in the non-scattering media. To examine the accuracy and the computational efficiency of the numerical method, the present numerical results are compared with those of the existing results in the literature. Finally, the devised numerical method is applied into the scattering media inside the furnaces and the results are presented in Section 5.2. The diamond difference or symmetric scheme of the discrete ordinates method for which the corresponding value of d (see Eq. (10)) chosen to be 0.5 is found to be unstable -which is the second order accurate central difference approach. The scheme gives positive-negative oscillatory values of the radiative intensities which are physically unrealistic [18] . Fiveland [6] suggested that if the dimensions of the control volumes were kept within a range such as dx <
, etc, the negative intensities might be minimised but not totally avoided. Therefore, it becomes important to employ a negative intensity 'fixup' procedure such that when a negative intensity arises, the value of d will be switched to 1.0 from 0.5, or gradually increase the value of d from 0.5 to 1.0 until a stable positive solution is achieved. In our computation, the negative fixup procedure of the DOM is applied in both problems and no unphysical negative intensities are calculated. The radiation results presented here are always free from oscillation except from the fact that the scheme is turned to the first order accurate during its fixing operation. However, the results show that the scheme has a very good agreement with the exact solutions shown in non-scattering media.
Non-scattering results with the validation of DOM
We consider that the cubical and rectangular furnaces are filled with absorbing, emitting, non-scattering (for which σ = 0) and grey gases with a uniform distribution of the absorption coefficient, κ. The results of the application of the DOM in both cases are individually presented below. Fig. 1 shows the geometry of the cubical furnace which contains a hot gas with the maximum temperature of T * (reference temperature). The dimensions of this furnace are 1m, 1m and 1m along x, y and z directions respectively, and the numerical grid employed in the simulation consists of a total of 64000 control volumes with 40 × 40 × 40 grid nodes along the three coordinate directions respectively.
Cubical furnace
The furnace has six cold black walls, i.e. the temperature of those walls is of T w = 0, and the absorption coefficient of the gas inside the furnace is given by κ = 0.1m −1 . The variation of the gas temperature inside the furnace is written as the following mathematical form as
where function, f , is defined as
where p is an unknown variable for f . In Eq. (13) variable r gives the temperature variation along the yz plane which is defined as
This is the same mathematical form of the temperature distribution, which was used by Kim and Huh [15] for the exact solutions of the radiative heat transfer in a cubical furnace. The temperature distribution given in Eq. (13) has a peak temperature at the centre of the furnace, and throughout the media it is distributed parabolically along the each co-ordinate direction. This approximation gives temperature at every computational grid node within the furnace and also permits to carry out the numerical experiment. Selçuk [19] also used a polynomial approximation to the gas temperature in order to study the radiative heat transfer inside a rectangular furnace.
Alternatively, when the temperature inside a media is unknown, one could assign the radiative equilibrium approach in which the radiation takes the dominant mode of heat transfer and the convection and conduction are assumed to be negligible. This approach is a good assumption for extremely high temperature applications such as nuclear explosions, plasmas etc. When the radiative equilibrium prevailed, the radiative transfer equation (3) is iteratively solved with the steady state energy balance equation, where the divergence of the radiative heat flux is related to the medium temperature and the incident radiation [3] . Some applications of the radiative equilibrium approach can be found in Menguc and Viskanta [20] and Fiveland [6] .
The non-dimensional radiative heat fluxes,q n = q n /σ(T * ) 4 , along the centreline (at y = 0.5m) on the z = L z wall of the cubical furnace are plotted in Fig. 2 ; where the net radiative fluxes, q n , are calculated using q n = ǫ w (q in − πI bw ). The surrounding walls of the cubical furnace are black and kept at zero level temperature, hence the amount of the outgoing radiative heat fluxes from the surfaces, i.e. the black body intensity (I bw ) on the surfaces, will be zero.
The incident radiative heat fluxes, q in , on the z = L z wall are calculated as
Fig . 2 shows that the high order approximations of the DOM such as S 6 and S 8 give an excellent agreement with the exact solutions of Kim and Huh [15] , while the lower order (e.g. S 2 and S 4 ) results are less accurate especially where the peak heat fluxes are predicted. This can be understood by the fact that the lower order approximations of the DOM suffer by the ray effect when the medium is optically thin [13] .
Kim and Huh [15] already showed that the ray effects can be reduced for an optically thick medium for which the gas absorption coefficient is considered to be greater than κ = 0.1. In the optically thick medium their predictions of DOM show better agreement with the exact solutions. In the present paper, the performances of the DOM considering various values of the absorption coefficient, κ, which are appropriate for an optically thick medium, will not be given. Since our main intention of this section is to validate the present DOM results, and latter the chief task is to carry out investigation in the scattering media.
IFRF furnace
The International Flame Research Foundation (IFRF) furnace has a similar rectangular geometry as shown in Fig. 1 with the dimensions of 6m, 2m and 2m along x, y and z respectively, which is one of the M3 trial cases (Flame 10) of the IFRF. The measured gas temperature in kelvins (K) inside the IFRF furnace are taken from the work done by Hyde and Truelove [14] . Temperature at the floor (z = 0m) of the furnace is kept at 320K while it is 1090K at the roof (z = 2m) and the side walls. The gas absorption coefficient and the emmissivity of the walls of the furnace are taken as κ = 0.2m −1 , ǫ w = 0.86 (on z = 0) and ǫ w = 0.70 (on other walls). In this case, the furnace is discretised into 45 × 15 × 15 control volumes. Several researchers have studied this problem (non scattering) to validate their numerical results, for example, see Jamaluddin and Smith [7] . Fig. 3 shows the incident radiative heat fluxes, q in , on the floor (Fig. 3a) and on the roof (Fig. 3b) of the IFRF furnace. These heat fluxes have been calculated using the same mathematical relation given in Eq. (14) . Fig. 3a shows that the predictions of q in by the higher order approximations of the DOM (e.g. S 4 , S 6 and S 8 ) have excellent agreement compared with those of Hyde and Truelove [14] who used the zone method, while the lower order (S 2 ) approximation gives less accurate results. Fig. 3b also shows that on the roof (z = 2m) only S 6 and S 8 approximations have excellent agreement with the zone results, while the S 4 results are better than S 2 .
Scattering results
In this section, we now consider that both the cubical and rectangular furnaces are filled with absorbing, emitting, scattering (σ = 0) and grey gases (radiatively participating media) with a uniform distribution of the absorption coefficient, κ. The scattering results are presented separately in Sections 5.2.1 and 5.2.2.
In the simulation, both the out-scattering and the in-scattering at each computational node point are considered. The media attenuate by the out-scattering, because a part of the incoming radiative intensities is removed from the direction of its propagation; see the first term of the right hand side of the equation (1) where the rate of attenuation, −σI, is added. But for the in-scattering, the out scattered radiative intensities are redirected and appeared as augmentation of the internal energy along another direction. The rate of the scattering augmentation is added in the last term of the right hand side of the RTE (1).
Although in the previous section (for non-scattering media) we were able to assess our numerical results with those of others work, it was not possible to validate the present numerical results of the scattering effects due to an unavailability of any experimental or theoretical data/results in the open literature. However, the numerical accuracy and efficiency in the scattering media are checked carefully with a reasonable good tolerance range of [3] 
In the non-scattering media the higher order approximations of the DOM/S n are found to be more accurate in both furnaces (see Figs. 2 and 3) , therefore, here in the scattering media we will apply only the S 8 approximation of the DOM and the numerical results are presented in Figs. 4-6 . The negative fixup procedure is also applied here.
Cubical furnace
The geometry and specifications of the cubical furnace considered here are as same as given in Fig. 1 , and these have already been discussed in Section 5.1.1.
The results of the non-dimensional total radiative intensities,Ī = I/σ(T * ) 4 , of various scattering approaches at y = 0.5m and z = 0.5m along the x direction are plotted in Fig. 4 , where the total radiative intensities are calculated as
It is seen from this figure that the scattering effects has a great influence on the radiative energy storages inside the medium. The results of the radiative intensities also show their dependency on the approximation of the scattering phase function. For example, considering only the out scattering, the prediction of the total radiative intensities is lower than the non-scattering results. This is due to the fact that the radiation beams scattered out from the computational nodes by the out-scattering. Once the iso-scattering is included, for which the coefficient of the Lagendre polynomial is chosen to be a 0 = 1.0 (see Eq. (6)), the out scattered radiation beams now appear as in-scattering and augment the total radiative intensities and that is why that the iso-scattering result is higher than the non-scattering one.
Considering the higher order scattering approximations, such as the linear anisoscattering for which we considered (a 0 , a 1 ) = (1.0, 0.8) and the nonlinear anisoscattering for which we considered (a 0 , a 1 , a 2 ) = (1.0, 0.8, 0.8), there appear to have some variations of the total radiative intensities near the region where the peak values of the intensities are predicted. Nonlinear effect also increases the total radiative intensities, while surprisingly the linear aniso-scattering decreases the total radiative intensities and stay slightly below the non-scattering result. However, it is interesting to note that there exists a radiatively equilibrium state near at x = 0.1 and x = 0.9 in which the linear and nonlinear scattering-absorption results are same as the absorption results (non-scattering). Figure 5 shows the S 8 predictions of the non-dimensional net radiative heat fluxes,q n , at y = 0.5m on the z = L z wall of the cubical furnace. From this figure it is clear that the scattering also has a significant influence on the prediction of the wall radiative heat fluxes. Applying various scattering approaches, the predictions ofq n are found to be lower than the non-scattering results.
IFRF furnace
In this section we present the scattering results in the IFRF furnace and its detailed configuration has already been described in Section 5.1.2. Figure 6a shows that for all scattering approximations such as the iso-scattering, linear aniso-scattering and nonlinear aniso-scattering, the predictions of the incident radiative heat fluxes, q in , on the floor (z = 0) are lower than the non-scattering results. That is the wall gains less heat by the scattering mechanism. On the other hand, Figure 6b shows that by the scattering the incident radiative heat fluxes, q in , on the roof (z = 2m) are higher than the non-scattering results, that is the roof gains more heat due to the scattering effects. In this case, the coefficients of the Lagendre polynomials in the scattering phase functions are considered as a 0 = 1.0, a 1 = 0.5 and a 2 = 0.5, and the value for the scattering coefficient is taken to be σ = 0.5.
Conclusion
The discrete ordinates method (DOM) has been applied in both scattering and nonscattering media inside the three-dimensional cubical and rectangular furnaces. To validate the numerical method, initially the DOM has been applied in the nonscattering, absorbing and emitting grey gas media, and the numerical results have been compared with the existing results available in the literature. The DOM has been extended for the higher order scattering, where the scattering phase function was expressed as a series in Legendre polynomials, and finally it has been applied into the scattering, absorbing and emitting grey gas media inside the furnaces. Both the out-scattering and the in-scattering have been considered.
The present numerical results show that the predictions of the radiative intensities and the radiative heat fluxes are highly dependent on the scattering and they are also dependent on the order of the approximations of the scattering phase function.
In many engineering applications and combustion devices, for example, burning of fuel in a combustion device, when the fact of heat transfer concerns with the formation of solid soots, the interaction of thermal radiation with an absorbingemitting and scattering medium must be accounted for. Considering only the nonscattering approach may mislead the radiative transfer calculations, and therefore it may mislead the total heat transfer predictions. 
